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1, PRELIMINARIES 
Throuhout this paper, we shall restrict ourselves to finite graphs G which 
are undirected and line-coloured. For any points x, y in G, we shall write 
x - y to mean that x and y are adjacent and by x w1 y to mean that x - y 
and the colour of the line joining x and y is i. Also, we shall denote the line 
joining x and y by Xy; the colour of Xy by c(xy); and the set {c(Xy)l x - y in 
Gl by C(G). 
Let G and H be (undirected, line-coloured) graphs. A one to one mapping 
ffrom G onto His called an isomorphism if the following two conditions are 
satisfied: 
(11) x - y in G iff f(x) -f(y) in H for any x, y in G. 
(I2) For any two lines 5, Uv in G, c(e) = c(uv) iff c(f(x) f(y)) = 
cc f(u) m>- 
Furthermore, if c(xu) = i implies c( f(x)f(y)) = j, then we say that the 
isomorphism f carries colour i to colour j. 
A graph G is called point-colour-symmetric (PCS) if the following two 
conditions are satisfied: 
(PCSl) For any x, y in G, there exists an automorphism f of G(i.e., an 
isomorphism from G onto itself) such that f(x) = y andfcarries each colour 
to itself. 
(PCS2) For any two colours i, j in C(G), there exists an automorphismfof 
G carrying i to j. 
If the condition (PCS2) is replaced by the following stronger condition: 
(PCS2)* For any permutation rr of C(G), there exists an automorphismf 
of G carrying i to r(i) for each i in C(G), then we say that G is strongly point- 
colour-symmetric @PCS). 
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Note that if the lines of G are coloured by one and the same colour then 
condition (PCS2)* is always satisfied. Hence, G is strongly point-colour 
symmetric iff G is point-symmetric (see [l]). We thus have a big class of 
“trivial” SPCS-graphs. The following are some non-trivial examples of 
strongly point colour symmetric graphs: 
FIGURE 1 
A wider class of PCS-graphs may be obtained as follows: Let R be any 
ring with identity 1, S a set of invertible elements of R and H a multiplicative 
subgroup of R with [S] n (H u (-H)) = {l}, where [S] denote the multi- 
plicative subgroup of R generated by S. We turn R into a graph with C(R) = 
H by putting: 
XN hi iff -x+yEShu(-Sh) 
for any x, y E R, h E H. 
It is easy to see that if h, # h, in H, then Sh, n Sh, = O. Hence, our 
graph R is well-defined. We shall show that R satisfies (PCSl). Indeed, let 
x, y E R. Define a mapping f : R + R by putting f(a) = a - x + y for all 
a in R. Evidently,fis one to one, onto and carries x to y. Furthermore, for 
any a, b E R, h E H, we have: 
ayb-+--a+bEShu(-Sh) 
* -(a - x + y) + (b - x + y) E Sh u (-Sh) 
9 f(4 ‘;: f(b). 
This shows that R satisfies (PCSl). Now, let h, , h, E C(R) = H. Define a 
mapping f : R -+ R by puttingf(x) = xh;lh, for all x in R. Again f is one to 
one and onto. It is in fact an automorphism, for let x, y E R, h E H. Then, 
xyy*-x+y~Shu(-Sh) 
0 (-x + Ji) h;lh, E Sh h;‘h, u (-Sh h;‘h,) 
o -xh;lh, + yh;‘h, E Sh h;lh, u (-Sh h;‘h,) 
*f(x) y f(Y), where h, = hh;‘h, . 
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From this, we see thatfcarries colour h, to colour hz . Hence, (PCS2) holds 
and thus R is a PCS-graph. We shall call graphs thus obtained ring-graphs. 
One may wonder if every PCS-graph is a ring-graph (up to isomorphism). The 
answer is no. However, in the next section, we shall construct (and thus 
characterize algebraically) all PCS-graphs via the concept of groups. In the 
third section of this paper, we provide some algebraic constructions of a class 
of SPCS-graphs. 
2. ALGEBRAIC CHARACTERIZATION OF POINT-COLOUR-SYMMETRIC GRAPHS 
Let M be a group, A a subgroup of M, {St I i E Z> a family of mutually 
disjoint subsets of M and H = {hii 1 i, j E Z} a family of group automorphisms 
of M, all satisfying the following conditions: 
(Gl) A&A = S, for each i in Z; 
(G2) E$’ = Si for each i in I; 
(G3) hij(A) = A for all i, j in I; 
(G4) for any i, j in Z, there exists a one to one mapping k -+ k’ from Z 
onto itself such that hi,(&) = Sk, for each k in Z and i’ = j. 
Let M/A denote the set of all left cosets of M by A. We shall turn M/A into 
a graph with C(M/A) = Z as follows: For each uA, uA in M/A and each i in Z, 
we put uA -i VA iff u-% E & . The graph M/A is well-defined, since UA = 
ulA, VA = v,A and z.A E Si imply that u;‘u E A, v%r E A and thus U& = 
u~~uu-~vv-~v, E ASiA = Si . Also M/A is undirected since $’ = Si . We 
shall call each graph thus obtained a group-graph. 
THEOREM 1. (Representation Theorem). A graph is point-colour-sym- 
metric iff it is isomorphic to a group-graph. 
Proo$ To prove the suf?iciency, let us consider the group-graph M/A as 
defined above. 
Claim 1. For each w in M, the mapping fw : M/A + M/A defined by 
f,(uA) = wuA for each uA in M/A is an automorphism carrying each colour 
to itself. 
Indeed, f, is well-defined since UA = u,A implies U-lu, E A and so (wu)-’ 
(wu~) = u-k1 E A which in turn implies that wuA = wu,A. The mappingf, 
is evidently one to one and onto. Moreover, 
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UA 7 VA in M/A 0 u% E Si 
9 (wu)-‘(WV) E sj 
establishing Claim 1. 
Note that the technique we employ in establishing Claim 1 is quite standard 
in the theory of group graphs (see [2]). Using more or less the same technique, 
we can establish the following: 
Claim 2. For any i, j E I, the mapping j$ : M/A -+ M/A defined by 
J&A) = /Q(U) A f or each uA in M/A is an automorphism of M/A carrying 
colour i to colourj. 
C/aim 3. For any two elements uA, VA in M/A, there exists an auto- 
morphismf of M/A such that f(uA) = VA. 
Indeed, we need only to take f =Jw where w = VU-~. 
Claim 4. For any i, j in I, there exists an automorphism f carrying colour i 
to colour j. 
Indeed, we need only to take f =fij as defined above. 
Combining Claims 3 and 4, we infer that M/A is point-colour-symmetric. 
Conversely, to establish the necessity, let G be any given PCS-graph with 
C(G) = I. Let M be the group of all automorphisms of G carrying each 
colour to itself. Fix any point a in G and let A be the subgroup of M con- 
sisting of all automorphismsfin M such thatf(a) = a. For each colour i in 1, 
let & = {fe M I a -if(a) in G}. Evidently {S, ) i E I} is a family of mutually 
disjoint subsets of M. For any two colours i, j in I, let us fix an automorphism 
gij of G carrying a to a and colour i to colour j. Define a mapping hij : 
M -+ M by putting hij(x) = gijxg$ for each x in M. Evidently hi, is an 
automorphism of M since it is restriction of an inner automorphism of the 
group of all automorphisms of G. Hence, we obtain a family H = {hij I 
i, j E I} of automorphisms of M. 
By standard arguments, we have: 
Claim 5. A&A = Si for each i in I. 
Claim 6. S;l = Si for each i in I. 
Claim 7. &(A) = (A) for each i, j in I. 
Now, let i, j be any two fixed elements of I. For each k in 1, there exists a k’ 
in I such that c(xy) = k iff c(gii(x) g&)) = k’. Evidently, k -+ k’ is a one to 
one mapping of I onto itself and i’ = j. We shall show that h&S’& = S,? . In- 
deed, 
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Combining this and Claims 5, 6 and 7 we obtain a group graph M/A. To see 
that M/A g G, define a mapping $ : M/A -+ G by putting &uA) = u(a). 
Again by standard arguments, we can show that 4 is indeed an isomorphism, 
which completes the proof of Theorem 1. 
3. CONSTRUCTIONS OF STRONGLY POINT-COLOUR~YMMETRIC GRAPHS 
Let Gj , j E J, be a family of graphs where C(G,) = I for each j in J. Let G 
be the Cartesian product of the sets Gj , j E J. We shall turn G into a graph 
as follows: For each p, q in G, we put p -i q iff there exists j, E J such that 
p(j) = q(j) for all j # j, in J and p(j,) -i q(jO) in the graph Gj, . The graph 
G thus obtained is called the colour direct product of the family Gj , j E J, and 
will be denoted by 17(G, I j E J). 
The following result enables us to construct more complicated SPCS- 
graphs out of simple ones: 
THEOREM 2. Let Gi , i G I, be a family of PCS-graphs, all being isomorphic 
to a fixed graph H via the isomorphphisms 8i : H---t Gi . If C(Gi) = {i} for 
each i in I, then the colour direct product G of Gi , i E I, is a SPCS-graph. 
Proof. Let p, q be elements of G. For each i in I, there exists an auto- 
morphism fi of G such that fi(p(i)) = q(i). Define a mapping f : G --+ G by 
puttingf(r)(i) = fi(r(i)) for all r in G, i in I. It is easy to see that f is one to 
one and onto; and it carriesp to q. Moreover, for any r, s in G and i in C(G) = 
I, we have: 
r “;’ s -3 r(i) 7 s(i) and r(j) = s(j) for j f i 
0 f(r)(i) = fi(W ~h(sGN = f(s)(f) and 
f(r)(j) = hW>) = .MjN = f(s)(i) for j f i 
0 f(r) “; f(s). 
This shows that f satisfies (PCSI). 
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To see that G satisfies (PCS2)*, let v be any permutation of C(G) = I. 
Define a mapping f : G -+ G as follows: For each p in G, i in Z we put: 
f(p)(i) = 0@p(i’), where i’ = 7?(i). 
The mapping f is evidently one to one and onto. Moreover, for each p, q in G, 
k in Z we have: 
P” kq *p(k) 7 q(k) and p(m) = q(m) for m # k 
4&Mm) = k,e2 q m ( ) f or m # k where k, = r(k) and 
ml = 77(m) 
-f(p)k) yf(d(k) and f(dh> = f(q)@4 for ml f kl 
*f(p) y f(q)* 
This show that G satisfies (PCS2)*. Hence, the graph G is SPCS, completing 
the proof. 
Note that the SPCS-graph obtained by colouring a cube as given in the 
previous section can be obtained by taking the colour direct product of three 
copies of the connected 2-element graph, with different colours. Note also 
that by applying exactly the same argument as that in the proof of Theorem 2, 
we may obtain the following more general result: 
THEOREM 3. Let G be a graph satisfying (PCSl). For each permutation r 
of Z = C(G) we may obtain a graph Gn whose base set is G and x -k y in Grr 
ijjf x hlif y in G, where k’ = r-l(k). Let J be the set of all permutations of Z and 
let G* be the colour direct product of the family (G?T 17~ E J} of graphs. Then G* 
is SPCS. 
COROLLARY. Every graph with (PCSl) is a section graph of a SPCS- 
graph. 
THEOREM 4. Every graph G is a section graph of a graph of type PCS 1. 
Proof. Let / G 1 = n and C(G) = I. Consider the cyclic group C, , where 
p is a prime with p > 2” - 1. Let A = (2” - 1 I i = 0, l,..., n - l} _C C, . 
Let f be any to one mapping from A onto G. Turn C, into a graph by putting 
xNiyinC,iffthereexista,binA,zinC,withx=a+z,y=b+zand 
f(a) -*f(b) in G. 
The following two claims warrant that the graph C, is well-defined. 
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Claiml. C,=U(A+xIxEC,). 
Claim 2. For any two distinct x, y in C, , \(A + x) n (A + y)l < 1. 
Claim 1 is trivially true. To establish Claim 2, let us assume to the contrary 
that there exist a, b in (A + x) n (A + y) with a + b. Then a = a, + x = 
a, + y, b = b, + x = b, + y for some a, , a, , b, , b, in A with a, # bl , 
a, # b, . Thus -a, + a, = y - x = -b, + b, which is impossible by our 
choice of elements of A. 
It is evident that the section graph A of C, is isomorphic to G. Hence, it 
remains to show that C, satisfies (PCSl). To do this, let a, b be elements of C,. 
Define a mapping g : C, ---f C, by putting g(x) = x - a + b for each x in C,. 
Evidently g is one to one, onto, and carries a to b. Moreover let x, y E C, and 
ieI, wehave: 
x “;’ y in C, * x = x1 + z, y = y, + z, where x1 , y1 E A with 
f(xJ yf(yd in G 
9x-a+b=xx,+(z-a++), 
y--++=yy,+(z-a++), where f(xl)“;‘f(yl)inG 
9 g(x) = x - a + b Ty-a+b=g(y)inC,. 
This shows that C, satisfies (PCSl), which completes the proof. 
Note that in the above proof we need to choose p to be any positive integer 
>2” - 1, not necessarily prime. However, if we choose p to be a prime, then 
the resulting graph will enjoy the additional property of being Hamiltonian 
(see [l]). In fact, in our construction, instead of the cyclic group C, , we may 
choose any group H containing an n-subset A which are parallelogram-free 
(i.e., -a + b = -c + d in A implies a = c and b = d). Then we shall still 
obtain a graph H with (PCSl) containing a section graph A isomorphic to G. 
THEOREM 5. Every graph G is a section graph of a SPCS-graph. 
Proof. This result is in fact an immediate consequence of Theorem 4 and 
the corollary to Theorem 3. However, we shall give here an alternative proof 
through a different construction. 
Let C(G) = I and .7 be the set of all permutations of I. Let I G I = n. 
Choose a group H with a parallelogram-free n-subset A containing the 
identity 0. First, turn A into a graph isomorphic to G. Let H* be the colour 
direct product of the family {Hi 1 j E J} where Hj = H for eachj in J. Also let 
Ai={p~H*Ip(j)~Aandp(i)=Ofori#j}andletA*=U(AjIj~II). 
It is easy to check that A* is a parallelogram-free subset of H*. We shall 
turn A* into a graph as follows: For any a, b in A* and i in I, we put aNi b 
in A* iff there exists j in J such that a, b E Aj and a(j) wi’ b(j) in A, where 
POINT-COLOUR-SYMMETRIC GRAPHS 167 
i’ = j-l(i). We next turn H* into a graph by putting a -i b in H* iff a = a, + 
x,b=b,+~,wherea,,b,EA*,xEHwitha~~~b~inA*.ThegraphH* 
evidently satisfies (PSCI). To show that it satisfies (PCS2)*, let 7r be a per- 
mutation of C(H*) = I. Define a mapping g : H* + H* as follows: For 
each a in H* and each j in J, we put 
g(u)(j) = a(j’), wherej’ = n-9. 
The mapping g is evidently one to one and onto. Moreover, let a, b E H* 
with a mi b in H*. Then by definition there exist aI, b, in A* and x in H* 
such that a = al + x, b = bl + x and a, -i 6, in A*. Again, there exists k 
in J such that al(k) -it b,(k) in A, where i’ = k-l(i) and q(m) = b,(m) for 
all m i: k. Now &> = gW + g(x), g(b) = g@J + g(x). Also, gh)(m> = 
aI = b,(m’) = g(bl)(m) for all m # rk(= k,) and g(u,)(k,) = u,(k) -n(i) 
b,(k) = g(b,)(k,) in A, since k;%-(i) = k-+%(i) = k-l(i) = i’. Hence, 
sw -,,ci) g(b) in H*, completing the proof. 
To end this paper, we would like to make a few remarks: 
Remark 1. We wish to point out that in the embedding of a graph into a 
SPCS-graph, the construction given in the proof of Theorem 5 is essentially 
the same as that given in the proofs of Theorems 3 and 4. In fact, a careful 
examination will reveal that the two resulting SPCS-graphs are isomorphic. 
Remark 2. All our constructions given in the paper can be applied, by 
parallel arguments, to directed line-coloured graphs. For instance, to con- 
struct ‘group-directed graphs’, we need only to follow the argument given in 
Section 2 with the condition (G2) removed. 
Remark 3. The graph H* obtained by the construction used in the proof 
of Theorem 5 is not only a SPCS-graph. It is also “pattern-symmetric” with 
respect to the section graph A* in the following sense: 
(PI) H* is the union of a family s of section graphs, each of which is 
isomorphic to A*. 
(P2) The intersection of any two members in 9 is either empty or a 
singleton. 
(P3) For any two B, C in 9, there exists an automorphism f of H* such 
that f(B) = C. 
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